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Abstract
In this paper we modify and generalize a construction presented by Novotny´: given a
groupoid (a set equipped with a binary operation), it is defined a mono-unary algebra corre-
sponding to that specific groupoid. We shall introduce and study a functor from the category
of n-ary groupoids to the category of mono-unary algebras. The main result of this paper con-
cerns the construction of homomorphisms between n-ary groupoids, a natural generalization
of the method presented by Novotny´.
1 Introduction
A mono-unary algebra is a structure (A, f ), where A is a non-empty set and f is an unary operation
on A. The theory of mono-unary algebras is well developed; for recent works in the field see
[5],[6],[7]. A groupoid is a structure (G , g), where G is a non-empty set and g is a binary operation
on G . Groupoids were introduced in [2]. In [8] the mono-unary algebra corresponding to a groupoid
(G , g) is defined as the structure un(G , g) = (G2, g ′), where
g ′ : G2 → G2
(x , y) 7→ (y , g(x , y)).
In this paper we shall modify this construction and generalize it for ”groupoids” with n-ary
operations.
From now on let n ∈ N = {1, 2, 3, ...}, unless stated otherwise. We shall follow the notation on
[4], denoting x1, ..., xn by x
n
1 . We recall some definitions and results.
A n-ary groupoid is a structure (G , g) where G is a non-empty set and g is a n-ary operation
on G . If n = 1 the structure is called a mono-unary algebra. If n = 2 the structure is simply called
a groupoid.
A homomorphism between n-ary groupoids (G , g), (H , h) is a function f : G → H satisfying for
all (xn1 ) ∈ Gn
f (g(xn1 )) = h(f (x1), ..., f (xn)). (1)
If f is bijective, we say f is an isomorphism. If (G , g) = (H , h), we say f is an endomorphism.
The following nomenclature is introduced for the purposes of this paper: we say the homomorphism
f is trivial if its image is a singleton; otherwise we say it is non-trivial.
Given n-ary groupoids (G , g), (H , h), (I , i) and homomorphisms f : G → H , f ′ : H → I , it
follows that [f ′ ◦ f ] : G → I is a homomorphism. In fact, for all (xn1 ) ∈ Gn
[f ′ ◦ f ](g(xn1 )) = f ′(f (g(xn1 )))
= f ′(h(f (x1), ..., f (xn)))
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= i(f ′(f (x1)), ..., f ′(f (xn)))
= i([f ′ ◦ f ](x1), ..., [f ′ ◦ f ](xn)).
Also observe that the identity function is a homomorphism. It follows that Grpd(n) (the
collection of n-ary groupoids with homomorphisms) is a category. For a reference on category
theory, see [1]. In [3] the category of mono-unary algebras (denoted in the paper by K(1)) is
studied, with a focus on tensor products and flat algebras.
The category Grpd(n) has all finitary products. In fact, the terminal object is the trivial
n-ary groupoid and the binary product between n-ary groupoids (G , g), (H , h) is the structure
(G ×H , g × h), where
[g × h] : (G ×H )n → G ×H
((x1, y1), ..., (xn , yn)) 7→ (g(xn1 ), h(yn1 )).
Moreover, given n-ary groupoids (G , g), (H , h), the structure (H , h)(G,g) = (Hom((G , g), (H , h)),Φ)
is an exponential object on Grpd(n), where Hom((G , g), (H , h)) is the set of homomorphisms be-
tween (G , g) and (H , h), and
Φ: Hom((G , g), (H , h))n → Hom((G , g), (H , h))
(f1, ..., fn) 7→ f : G → H
x 7→ h(f1(x ), ...fn(x )).
Therefore Grpd(n) is cartesian closed.
Given categories C,D, we say that a functor F : C → D is faithful if given objects A,B of C
and morphisms f , g : A→ B , then F (f ) = F (g)⇒ f = g . Observe that if a functor is injective on
morphisms, then it is also faithful. We say the functor F is full if given objects A,B in C and a
morphism h : F (A)→ F (B), then there exists a morphism h ′ : A→ B such that F (h ′) = h.
In section 2 we define the concept of a mono-unary algebra corresponding to a n-ary groupoid.
In particular, we prove the faithfulness of the functor that characterizes this definition.
Section 3 provides a necessary and sufficient condition for the existence of an isomorphism
between mono-unary algebras corresponding to n-ary groupoids.
In section 4 we discuss a method for constructing all homomorphisms of n-ary groupoids based
on the homomorphisms of their corresponding mono-unary algebras, a generalization of the con-
struction presented in [8].
2 The functor Mn
In this section we shall introduce a functor from the category of n-ary groupoids to the category of
mono-unary algebras, and study some of its basic properties.
Given n ∈ N, consider the map Mn : Grpd(n)→ Grpd(1) such that
• Given a n-ary groupoid (G , g), we have Mn(G , g) = (Gn , g), where
g : Gn → Gn
(xn1 ) 7→ (g(xn1 ), ..., g(xn1 )︸ ︷︷ ︸
n times
).
In this case, we say (Gn , g) is the mono-unary algebra corresponding to the n-ary groupoid
(G , g).
• Given a homomorphism f : G → H between n-ary groupoids (G , g), (H , h), we have
Mn(f ) : Gn → H n
(xn1 ) 7→ (f (x1), ..., f (xn)).
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Observe that Mn(f ) is a homomorphism between the mono-unary algebras Mn(G , g) and
Mn(H , h). In fact, given (xn1 ) ∈ Gn ,
Mn(f )(g(xn1 )) =Mn(f )(g(xn1 ), ..., g(xn1 ))
= (f (g(xn1 )), ..., f (g(x
n
1 ))
= (h(f (x1), ..., f (xn)), ..., h(f (x1), ..., f (xn)))
= h(f (x1), ..., f (xn))
= h(Mn(f )(xn1 )).
Lemma 2.1. Let (G , g), (H , h) be n-ary groupoids and f : G → H be a homomorphism. If f is a
trivial homomorphism, then Mn(f ) is a trivial homomorphism.
Proof: It follows from the construction. 
The groupoids in the following examples are the same as those presented to exemplify the
construction in [8].
Example 2.1. Consider the groupoid (A,+) where A = {a, b} and + satisfies the following table.
a b
a a b
b b a
Then, the mono-unary algebra M2(A,+) is represented by the following graph.
(b,b)
(a,b)
(b,a)
(a,a)
Example 2.2. Consider the groupoid (A′,+′) where A′ = {c, d , e} and +′ satisfies the following
table.
c d e
c c d e
d d e c
e e c d
Then, the mono-unary algebra M2(A′,+′) is represented by the following graph.
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(c,c)
(d,d)
(e,e)
(c,d) (d,c)
(e,d)
(d,e) (c,e)
(e,c)
Not only the defined map Mn is non-trivial, but it also preserves compositions and identities.
Proposition 2.1. The map Mn is a functor.
Proof: Let (G , g), (H , h), (I , i) be n-ary groupoids and f : G → H , f ′ : H → I be homomor-
phisms.
Let id : G → G be the identity function. Then, for all (xn1 ) ∈ Gn we have Mn(id)(xn1 ) =
(id(x1), ..., id(xn)) = (x
n
1 ). It follows that Mn preserves identities.
Moreover, for all (xn1 ) ∈ Gn ,
Mn(f ′ ◦ f )(xn1 ) = ([f ′ ◦ f ](x1), ..., [f ′ ◦ f ](xn))
= (f ′(f (x1)), ..., f ′(f (xn)))
=Mn(f ′)(f (x1), ..., f (xn))
= [Mn(f ′) ◦Mn(f )](xn1 ),
and it follows that Mn preserves compositions. 
Remark 2.1. The functor M1 is the identity functor.
The following proposition asserts that one can study the morphisms in Grpd(n) by studying
the morphisms in Grpd(1), in the sense that no information regarding morphisms is lost by the
functor Mn .
Proposition 2.2. The functor Mn is injective in morphisms.
Proof: Let (G , g), (H , h), (I , i), (J , j ) be n-ary groupoids and f : G → H , f ′ : I → J be homo-
morphisms. Suppose that Mn(f ) = Mn(f ′) (therefore Gn = I n and H n = J n). Hence for all
(zn1 ) ∈ Gn we have Mn(f )(zn1 ) = M(f ′)(zn1 ) ⇒ (f (z1), ..., f (zn)) = (f ′(z1), ..., f ′(zn)). In particu-
lar, for all z1 ∈ G we have f (z1) = f ′(z1), which implies f = f ′. 
Corollary 2.1. The functor Mn is faithful.
We shall prove that not all morphisms in Grpd(1) correspond to morphisms in Grpd(n) (re-
garding the functor Mn), even if we just consider morphisms between two mono-unary algebras
corresponding to n-ary groupoids.
Remark 2.2. The functor Mn is not full if n > 1.
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In fact, consider the groupoids (A,+), (A′,+′) from examples 2.1 and 2.2. Then, consider the
function f : A2 → A′2 given by the following table.
x (a,b) (b,a) (b,b) (a,a)
f(x) (d,e) (e,d) (c,c) (c,c)
While f is a non-trivial homomorphism betweenM2(A,+) andM2(A′,+′), there doesn’t exist
a non-trivial homomorphism between (A,+) and (A′,+′), which concludes the proof for the case
n = 2, by Lemma 2.1.
For the case n > 2, consider the n-ary groupoids (A,⊕), (A′,⊕′) where⊕,⊕′ are n-ary operations
satisfying
⊕ (xn1 ) = +(x 21 ), ⊕′(yn1 ) = +′(y21 ). (2)
Therefore, we have the structures Mn(A,⊕) = (An ,⊕),Mn(A′,⊕′) = (A′n ,⊕′) where given
(xn1 ) ∈ An , (yn1 ) ∈ A′n we have
⊕(xn1 ) = (⊕(xn1 ), ...,⊕(xn1 ))
= (+(x 21 ), ...,+(x
2
1 )),
⊕′(yn1 ) = (⊕′(yn1 ), ...,⊕′(yn1 ))
= (+′(y21 ), ...,+
′(y21 )).
Now, consider the function
fn : A
n → A′n
xn1 7→ (pi1(f (x 21 )), pi2(f (x 21 )), c, ..., c)
where pi1, pi2 are the usual projection maps. Then, fn is a homomorphism between the mono-
unary algebras Mn(A,⊕) and Mn(A,⊕′). In fact, for all (xn1 ) ∈ An we have
fn(⊕(xn1 )) = fn(+(x 21 ), ...,+(x 21 ))
= (pi1(f (+(x
2
1 ),+(x
2
1 ))), pi2(f (+(x
2
1 ),+(x
2
1 ))), c, ..., c)
= (pi1(c, c), pi2(c, c), c, ..., c)
= (c, ..., c),
and
⊕′(fn(xn1 )) = ⊕′(pi1(f (x 21 )), pi2(f (x 21 )), c, ..., c)
= (+′(pi1(f (x 21 )), pi2(f (x
2
1 ))), ...,+
′(pi1(f (x 21 )), pi2(f (x
2
1 ))))
= (+′(f (x 21 )), ...,+
′(f (x 21 )))
= (c, ..., c),
since f (x 21 ) ∈ {(c, c), (d , e), (e, d)} and +′(c, c) = +′(d , e) = +′(e, d) = c. Hence fn is a
homomorphism between Mn(A,⊕) and Mn(A,⊕′).
Now, suppose g : A→ A′ is a homomorphism between the n-ary groupoids (A,⊕) and (A′,⊕′).
Therefore we have
g(⊕(xn1 )) = ⊕′(g(x1), ..., g(xn))⇒ g(+(x 21 )) = +′(g(x1), g(x2)),
what implies g is a homomorphism between the groupoids (A,+) and (A′,+′). Since all homo-
morphisms between (A,+) and (A′,+′) are trivial, g is trivial (even when considered as a homo-
morphism between (A,⊕) and (A′,⊕′)). Therefore there doesn’t exist a non-trivial homomorphism
between the n-ary groupoids (A,⊕) and (A′,⊕′), what, by Lemma 2.1, concludes the proof.
Now, the following result implies that if there exists an isomorphism between the mono-unary
algebras corresponding to non-isomorphic n-ary groupoids, then this isomorphism isn’t of the form
Mn(f ), where f is a homomorphism between the non-isomorphic groupoids.
Proposition 2.3. The functor Mn is conservative, i.e., it reflects isomorphisms.
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Proof: Let (G , g), (H , h) be n-ary groupoids and f : G → H be a homomorphism. Suppose that
Mn(f ) is an isomorphism.
• Since Mn(f ) is injective, given (xn1 ), (yn1 ) ∈ Gn , we have Mn(f )(xn1 ) = Mn(f )(yn1 ) ⇒
(xn1 ) = (y
n
1 ), which is equivalent to (f (x1), ..., f (xn)) = (f (y1), ..., f (yn)) ⇒ (xn1 ) = (yn1 ). In
particular, for all x1, y1 ∈ G , we have f (x1) = f (y1)⇒ x1 = y1. Hence f is injective.
• Since Mn(f ) is surjective, for all (zn1 ) ∈ H n there exists (xn1 ) ∈ Gn such that Mn(f )(xn1 ) =
(zn1 ), which is equivalent to (f (x1), ..., f (xn)) = (z
n
1 ). In particular, for all z1 ∈ H there exists
x1 ∈ G such that f (x1) = z1. Hence f is surjective.
It follows that f is an isomorphism. 
3 Isomorphisms between mono-unary algebras of the form
Mn(G , g)
Since Mn is not full, it’s possible that non-isomorphic n-ary groupoids have isomorphic corre-
sponding mono-unary algebras. In this section we shall give necessary and sufficient conditions on
n-ary groupoids for existence of an isomorphism between their corresponding mono-unary algebras.
Firstly, we present an example.
Example 3.1. Consider the groupoids (A′, α), (A′, β), where A′ = {c, d , e} and α, β are given
(respectively) by the following tables.
c d e
c c e d
d e d c
e d c e
c d e
c c c c
d d d d
e e e e
Then, their corresponding mono-unary algebras are represented (respectively) by the following
graphs.
(c,c)
(d,d)
(e,e)
(c,e) (e,c)
(e,d)
(d,e) (d,c)
(c,d)
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(c,c)
(d,d)
(e,e)
(d,e) (d,c)
(c,d)
(c,e) (e,d)
(e,c)
While M2(A′, α),M2(A′, β) are isomorphic, there doesn’t exist a non-trivial homomorphism
between (A′, α) and (A′, β), and vice versa.
This example motivates one to characterize the existence of an isomorphism between mono-
unary algebras corresponding to n-ary groupoids. Such a characterization is given by Theorem
3.1.
Lemma 3.1. Let (G , g) be a n-ary groupoid and Mn(G , g) = (Gn , g). Therefore g [Gn ] =
{(x , .., x ) | x ∈ G}.
Proof: It follows from the construction. 
Theorem 3.1. Let (G , g), (H , h) be n-ary groupoids. The following are equivalent:
i. The mono-unary algebras Mn(G , g),Mn(H , h) are isomorphic;
ii. There exists a bijection φ : G → H such that for all x ∈ G we have φ(g(x , ..., x )) = h(φ(x ), ..., φ(x ))
and |g−1[{x}]| = |h−1[{φ(x )}]|.
Proof: Let Mn(G , g) = (Gn , g) and Mn(H , h) = (H n , h).
(i ⇒ ii): Let ψ : Gn → H n be an isomorphism between (Gn , g) and (H n , h). Therefore the
function ψ′ : g [Gn ] → h[H ]n (where ψ′(x , ..., x ) = ψ(x , ..., x ), a valid construction by Lemma 3.1)
is an isomorphism between the mono-unary algebras (g [Gn ], g
∣∣
g[Gn ]
) and (h[H n ], h
∣∣
h[H n ]
). For
simplicity consider g
∣∣
g[Gn ]
= g ′ and h
∣∣
h[H n ]
= h
′
.
Define φ : G → H such that φ = pi ◦ ψ′ ◦ τ , where
τ : G → g [Gn ]
x 7→ (x , ..., x )
and
pi : h[H n ]→ H
(y , ..., y) 7→ y .
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By Lemma 3.1, pi and τ are well defined bijections. Hence φ is a bijection. Observe that
ψ′(x , ..., x ) = (φ(x ), ..., φ(x )) for all x ∈ G . In fact,
ψ′(x , ..., x ) = (pi(ψ′(x , ..., x )), ..., pi(ψ′(x , ..., x )))
= (pi(ψ′(τ(x ))), ..., pi(ψ′(τ(x ))))
= (φ(x ), ..., φ(x )).
Moreover, observe that ψ′(g ′(x , ..., x )) = h
′
(ψ′(x , ..., x )) (since ψ′ is the isomorphism ψ with
restricted domain and codomain, and g ′, h
′
are restrictions of the operations g , h). Therefore we
have
φ(g(x , ..., x )) = pi(ψ′(τ(g(x , ..., x ))))
= pi(ψ′(g(x , ..., x ), ..., g(x , ..., x )))
= pi(ψ′(g ′(x , ..., x )))
= pi(h
′
(ψ′(x , ..., x )))
= pi(h(φ(x ), ..., φ(x )))
= pi(h(φ(x ), ..., φ(x )), ..., h(φ(x ), ..., φ(x )))
= h(φ(x ), ..., φ(x )).
Since ψ is an isomorphism, we have |g−1[{(x , ..., x )}]| = |h−1[{ψ(x , ..., x )}]| for all x ∈ G .
However, observe that g−1[{(x , ..., x )}] = g−1[{x}] and h−1[{ψ(x , ..., x )}] = h−1[{φ(x )}]. Hence
|g−1[{x}]| = |h−1[{φ(x )}]|, which concludes the proof of (i ⇒ ii).
(ii ⇒ i): Observe that the function τ ◦ φ ◦ pi : g [Gn ]→ h[H n ], where
pi : g [Gn ]→ G
(x , ..., x ) 7→ x
and
τ : H → h[H n ]
y 7→ (y , ..., y)
is bijective (since τ, pi are well defined and bijective by Lemma 3.1, and φ is bijective by hy-
pothesis). By hypothesis, there exists a bijection between g−1[{x}] and h−1[{φ(x )}] for all x ∈ G .
Hence there exists a bijection σx between g
−1[{x}]\ g [Gn ] and h−1[{φ(x )}]\h[H n ] for each x ∈ G .
Observe that this bijection satifies h(σx (x
n
1 )) = φ(x ) for all (x
n
1 ) ∈ g−1[{x}]. Define
σ : Gn \ g [Gn ]→ H n \ h[H n ]
(xn1 ) 7→ σx (xn1 ).
Observe that since φ is bijective, φ[G ] = H ⇒ h−1[φ[G ]] = h−1[H ] = H n . Now, define
ψ : Gn → H n
(xn1 ) 7→
{
τ ◦ φ ◦ pi(xn1 ) if (xn1 ) ∈ g [Gn ];
σ(xn1 ) otherwise.
We shall prove that ψ is an isomorphism. Let (xn1 ) ∈ Gn . If (xn1 ) ∈ g [Gn ] then
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ψ(g(xn1 )) = τ ◦ φ ◦ pi(g(xn1 ))
= τ ◦ φ ◦ pi(g(xn1 ), ..., g(xn1 ))
= τ ◦ φ(g(xn1 ))
= τ ◦ φ(g(x1, ..., x1))
= (φ(g(x1, ..., x1)), ..., φ(g(x1, ..., x1)))
= (h(φ(x1), ..., φ(x1)), ..., h(φ(x1), ..., φ(x1)))
= h(φ(x1), ..., φ(x1))
= h(τ ◦ φ(x1))
= h(τ ◦ φ ◦ pi(xn1 ))
= h(ψ(xn1 )).
On the other side, if (xn1 ) ∈ Gn \ g [Gn ] and g(xn1 ) = x , then
ψ(g(xn1 )) = τ ◦ φ ◦ pi(g(xn1 ))
= τ ◦ φ ◦ pi(g(xn1 ), ..., g(xn1 ))
= τ ◦ φ(g(xn1 ))
= τ ◦ φ(x )
= (φ(x ), ..., φ(x ))
= (h(σx (x
n
1 )), ..., h(σx (x
n
1 )))
= h(σx (x
n
1 ))
= h(ψ(xn1 )).
Therefore ψ is a homomorphism. Moreover, since σ and τ ◦ φ ◦ pi are bijections, it follows that
ψ is a bijection. Hence ψ is an isomorphism between Mn(G , g) and Mn(H , h). 
4 Construction of all homomorphisms of n-ary groupoids
In [9], Novotny´ describes a method to construct all homomorphisms between mono-unary algebras.
In [8], the same author uses this method to describe a way to construct all homomorphisms of
groupoids based on the homomorphisms of their corresponding mono-unary algebras. In this section
we generalize this construction using the functor Mn . Firstly we generalize a definition from [8].
Definition 4.1. Let X ,Y be sets. A mapping f : X n → Y n is called decomposable if there exists
a mapping l : X → Y such that f (xn1 ) = (l(x1), ..., l(xn)) for all (xn1 ) ∈ X n . In this case, we use
the notation f = ln .
Observe that the functor Mn associates each homomorphism in Grpd(n) to a decomposable
homomorphism in Grpd(1). In the following Lemma we prove that each decomposable homomor-
phism in Grpd(1) (between mono-unary algebras corresponding to groupoids) is associated via
Mn with some homomorphism between those groupoids. This fact and the faithfulness of Mn
allows one to construct all homomorphisms of n-ary groupoids by constructing all homomorphisms
between their corresponding mono-unary algebras.
Lemma 4.1. Let (G , g), (H , h) be n-ary groupoids, f : Gn → H n be a homomorphism between
Mn(G , g),Mn(H , h) and l : G → H be a function. If the equality f = ln holds (that is, f is
decomposable), then the function l is a homomorphism between (G , g) and (H , h).
Proof: Let Mn(G , g) = (Gn , g) and Mn(H , h) = (H n , h).
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Since f is a homomorphism, for all (xn1 ) ∈ Gn we have f (g(xn1 )) = h(f (xn1 )). Therefore, by
hypothesis, we have
(l(g(xn1 )), ..., l(g(x
n
1 ))) = f (g(x
n
1 ), ..., g(x
n
1 ))
= f (g(xn1 ))
= h(f (xn1 ))
= h(l(x1), ..., l(xn))
= (h(l(x1), ..., l(xn)), ..., h(l(x1), ..., l(xn))),
which implies l(g(xn1 )) = h(l(x1), ..., l(xn)), concluding the proof. 
Now, we can construct all homomorphisms of n-ary groupoids. Observe that the assertions
contained in the following construction paraphrase those from [8].
Construction 4.1. Let (G , g), (H , h) be n-ary groupoids.
Construct the mono-unary algebras Mn(G , g),Mn(H , h).
Construct all homomorphisms between the mono-unary algebras Mn(G , g),Mn(H , h) using the
construction from [9].
Test all constructed homomorphisms and consider only the decomposable ones (since the functor
Mn associates homomorphisms in Grpd(n) to decomposable homomorphisms in Grpd(1)).
For each decomposable homomorphism f : Gn → H n construct the mapping l : G → H such that
f = ln . By Lemma 4.1 such mapping is a homomorphism between (G , g) and (H , h); by faithfulness
of Mn this construction yields all homomorphisms between the n-ary groupoids (G , g), (H , h).
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